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ABSTRACT
A linear automorphism of a finite dimensional real vector space V is
called proximal if it has a unigue eigenvalue—counting multiplicities—of
maximal modulus. Goldsheid and Margulis have shown that if a subgroup
G of GL(V) contains a proximal element then so does every Zariski dense
subsemigroup H of G, provided V considered as a G-module is strongly
irreducible. We here show that H contains a finite subset M such that
for every g € GL(V) at least one of the elements vg,v € M, is proximal.
We also give extensions and refinements of this result in the following di-
rections: a quantitative version of proximality, reducible representations,

several eigenvalues of maximal modulus.
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1. Introduction

A linear automorphism of a finite dimensional real vector space is called
proximal if it has a unique eigenvalue — counting multiplicities — of maxi-
mal modulus. Proximal elements play an important role in the study of the
dynamics of linear maps because of their simple structure: The induced map
on projective space has a unique attracting fixed point whose basin consists of
the whole space except for a hyperplane. This contraction property played an
essential role in Tits’ proof of what is now called the Tits alternative [Ti], in
Furstenberg’s work on boundary theory [F], in the paper of the two last named
authors on maximal subgroups [M$], in the work of Guivar’ch and coauthors on
random walks on groups [GR]. The authors were motivated to do this work by
their hope for yet another application of proximality, namely in their work in
progress on the Auslander conjecture. For work on this conjecture see [A, Mi, D,
DG, FG, GK, GrM, Mal-3, Me, S, To).

An efficient tool to find proximal elements is the following corollary of the main
algebraic result of [GM]: Given a subgroup G of GL(V') which contains a proximal
element, then so does every Zariski dense subsemigroup H of G, provided V
— considered as a G-module — is strongly irreducible (for a definition see the
paragraph preceding 3.12). Here we show that under these hypotheses H in fact
provides for a rich supply of proximal elements: There is a finite subset M of
H such that for every g € GL(V) at least one of the elements vg, v € M, is
proximal. We obtain such a subset M with at most (dim V)? elements. We show
the main result (Theorem 4.1) for a quantitative version of proximality, called
(r, €)-proximality. For another richness result see 4.10.

In section 5 of the paper we extend our result in two directions, namely for di-
rect sums of strongly irreducible representations and for other types of Lyapunov
filtrations. The latter means that instead of requiring that G contains an ele-
ment with exactly one eigenvalue of maximal modulus we look at the minimum
number n; of eigenvalues of maximal modulus among elements of G. Then the
same minimum is attained in the Zariski dense subsemigroup H. Similarly for
the eigenvalues with maximum and next to maximum modulus, etc.

In the final section we give necessary and sufficient conditions when the image
of a reductive group under an irreducible representation p contains a proximal
linear map. The conditions are phrased in terms of the highest weight of p.

As an application (actually of 4.1 and results of [GR]) we obtain (see 6.8) that
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for the group G(R) of real points of a connected semi-simple algebraic group G
over R every Zariski dense subsemigroup H contains R-regular elements, where an
element g € G(R) is called R-regular if the number of eigenvalues — counting
multiplicities — of modulus 1 of Ad(g) is minimum possible among elements
g € G(R). This result had been obtained before by different methods ([BL}, [P]).
We also obtain a corresponding finiteness result.

The proofs of the finiteness results 4.1 and 5.14 make essential use of the no-
tion of quasiprojective transformation due to Furstenberg [F] and the methods
of the algebraic part of [GM]. The relevant notions and results are given in sec-
tion 3. The proof of 4.1 is contained in section 4. There the simple structure
of proximal linear maps is expounded, technically speaking in the form of “con-
tractions” and “contractive sequences” on projective space. In section 5 we give
the generalization to several irreducible summands and more general Lyapunov

filtrations.

ACKNOWLEDGEMENT: The authors would like to thank 1. Goldsheid for fruit-
ful discussions. They also thank different institutions and foundations for their
support during the preparation of this paper: the MSRI Berkeley, the SFB 343
Bielefeld, the MPI Bonn, Yale University and the NSF. Without their help this
paper whose authors live on three different continents would not have seen the
light of day.

2. Proximality

A linear automorphism g of a finite dimensional real vector space V is called
proximal if ¢ has a unique eigenvalue A = A(g) of maximal absolute value —

hence A is real — and the corresponding weight space
W={veV; (g—AE)"v=0 for some n}

is one-dimensional.

Fix a norm || - || on V and let p be the corresponding metric on V. If g is
proximal with eigenvalue A = A(g) of maximal absolute value, set Vt = V*(g) =
Vy and let V< = V<(g) be the unique g-invariant hyperplane complementary to
V+. Put

_letvril _ 1Me)l
lglV<Il gl V<]

(9)
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and

S(g) =p ((E+, V<)

where z+ = z(g) is any of the two vectors of V* of norm 1. Let us call an
element g € GL(V) (r,¢)-proximal, r > 1, € > 0, if g is proximal and r(g) > r
and ¢(g) > . So g € GL(V) is (r,e)-proximal iff there is a decomposition
V =V* & V< into g-invariant subspaces such that

(1) dimV+ =1,

@) gl V*ril=rllg|V<| and

3) p(z*,V<)>eforzt € V* of norm 1.

Note that “g proximal” does not imply r{g) > 1. But if g is proximal then
3/r(g"™) converges to A/ max {|u|: p eigenvalue of g | V<} > 1, in particular
lim, 00 7 (g™) = 00.

We take the following criterion for proximality from [Ti]. For g € GL(V) put

g(z)

gl(x)=-|m forz#0.

So g1 maps the “sphere” S = {z € V; ||z|| = 1} to itself. For a metric space
(X, p) define the norm of a map f: X — X with respect to p by

Il = sup 2LEFW)
* apyinx p(z,y)

(=0ifcard X <1).

2.1 LEMMA: Let ¢ € GL{V) and let K be a compact subset of S such that
q(K) C K and 911K ||, < 1. Here K denotes the interior of K with respect to
the topology of S. Then g is proximal, g; has a unique fixed point in. K, namely
the point in V*(g) N K and V<(g) does not intersect K.

The proof of [Ti 3.8 (ii)] for projective space works for the sphere, too.

3. Quasiprojective transformations

In this section we shall recall the notion of quasiprojective transformation due to
Furstenberg [F| and the results on contractions from [GM].

It will be convenient to use different metrics on projective space. So we shall
first of all fix a class of metrics.
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Two metrics p and p’ on a set X are called equivalent if there is a positive
constant ¢ < 1 such that

cp(z,y) < p'(z,y) < ¢ p(z,y)

for every pair z,y of points of X. Let X be a connected differentiable mani-
fold with a Riemannian tensor g. Then there is an induced metric p = pxq,
namely p(z,y) is the infimum of the arc lengths with respect to g of piecewise
differentiable curves from z to y. The following facts are easily proved.

3.1 If g and ¢’ are two Riemannian tensors on X then px ¢ | K and px 4 | K
are equivalent for any compact subset K of X.

3.2 If U is an open connected neighbourhood of a compact subset K of X then
px,g | K and pyq | K are equivalent.

It follows that

3.3 On a compact differentiable manifold X there is a unique equivalence class
of metrics p containing the metrics induced by Riemannian tensors. This class is
characterized by the following property: If ¢ is a diffeomorphism from an open
connected subset U of X to a finite dimensional normed vector space (V,|| - |})
then for any compact subset K of U the metric ¢'(z,y) = {|¢(z) — ¢(y)|| on K is
equivalent to p | K.

We consider the projective space P = PV associated with a finite dimensional
real vector space V and endow it with some metric of the distinguished class of
metrics equivalent to the Riemannian metrics. We call such a metric admissible.
A particularly pleasant admissible metric is the angle metric on P with

|(z, y)|

p(lz], [y]) = arccos — ==
=l - 1yl
for z,y nonzero in V' supposing we are given a positive inner product ( , ) on V
with associated norm [|z|| = (z,z)!/2.

34 A map b: P — P is called quasiprojective if there is a sequence of
projective transformations of P converging pointwise to b. Let M;(b) be the
closure of the set of points, where b is discontinuous, and let My(b) be the b-
image of the set of continuity points of b.
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It is straightforward that for A € GL(V) we have

(3:5) Mo(hb) = h Mo(b), Mo(bh) = Mo(b),
(3.6) Mi(hb) = My(b), My(bh) = h™'M,(b).

A quasiprojective transformation b is called a contraction if My(b) consists of
one point only.

For every linear concept we denote the corresponding projective concept by
writing a P in front. E.g. for ¢ € GL(V) the corresponding projective map
is Pg: PV = P — P. For a linear subspace W # 0 of V the corresponding
subspace of P will be denoted PW. For a non-zero vector z of V let Px be the
point P(Rz) € P.

Let us call a sequence s = (B, )nen in GL(V) contractive if
(C1) PB, converges pointwise on P,

(C2) there is a sequence (an)nen in R* such that (an - Bn)nen converges to a
linear map b, of rank 1.
Note that C 2 does not imply C 1.

3.7 LEMMA: If s = (Bp),¢
lim P B, is a contraction. Conversely, if for a sequence s = (B,),,cy in GL(V) the

n Is a contractive sequence in GL(V) then b =

sequence (P By),, .y converges pointwise on P to a contraction then s contains a
contractive subsequence.

Proof: For a contractive sequence (B),cy in GL(V) the limit b = limP B,, is
represented by b, for points not in ker by, i.e. b(Pz) = P(b1z) for by # 0. Hence
b is continuous on the dense open subset P\ Pker by, hence Mq(b) = Pimageb,.
Thus b is a contraction.

Conversely, let (Bp),,cn be a sequence in GL(V') such that (P By ), ¢y converges
to the contraction b. Then, passing to a convergent subsequence of By, - || Bn|| ™!,
we may assume that there is a sequence (an),cy in R* such that (an Bn),en
converges to a nonzero linear map by. So b(Px) = P(byz) for = & kerb; and b is
continuous on the dense open subset P \ Pker b;, hence b; takes its image in the
line corresponding to My(b) for points x & ker b;. It follows that rank b; = 1.

For a contractive sequence s put

Mo(s) = P image b,
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and

L,(s) = Pker by,
with notations as above. We have seen in the proof of 3.7 that
Mo(s) = Mo(b)

for b = limPs, so Mp(s) depends only on s. To see that Li(s) is well-defined
note that for the sequence ., in C 2 we have a constant ¢ > 1 such that

¢! < ||| Bnll < c.

Hence
Ly(s) =P{v € V; |Bnv| - || B~ — 0}

is independent of the sequence (o) It follows that

neN*

3.8 by in C2 is uniquely determined by s up to a nonzero scalar, since ker b,

and the line image b; are unique.

We have seen above that Mo(s) depends only on b. This is not true for L,(s),
e.g. for b sending all of P to one point every hyperplane occurs as Ly(s) for some
contractive sequence with lim Ps = b.

Note that for a contractive sequence s and h € GL we have
(3.9) Li(hs)=Ly(s) and Li(sh)=h"1L(s).

3.10 LEMMA: For a contractive sequence s the sequence P s of projective trans-
formations converges uniformly on compact subsets of P~ L,(s) to the constant
map with image My(b). For every admissible metric p on P we have

IPBy | K|, — 0

on every compact subset K of P~ PL(s).

Proof: We have pointwise convergence of Ps on P ~ Li(s) to Mg(b). It thus
suffices to prove the second claim. To show this choose coordinates as follows:
Let L; be the linear subspace of V corresponding to Li(s) and let e ¢ Ly. Then

the projection 7: V \ {0} — P, 7(z) = Pz, induces a map 7wje + [, — P~ L,
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which is an affine coordinate system. Put ¢’ = b;(e) and let Lbea hyperplane
complementary to e/. We thus have an affine coordinate system m: ¢/ + L —»
P~PL in some neighbourhood of My(b). Decompose a, B, according to Re’ & L:

anBre=Ae +yn, yn€lL,

o Bnx = pn(z)e’ + Bl (z), €Ly, B.(z)elL.

n

Then A, — 1,y, — 0, since a, Bp,e — b1e = €. And ||u, | E1|| — 0,

||BL|| — 0. Hence in the coordinate systems above we can represent P B, by

_Unt B:.L(:L')

Dnla) = An + pin(z)

which is defined on the complement of some hyperplane in L; and takes values
in L. It is now easy to see that on any compact subset K of L, for n sufficiently
large D,, is defined on L; and ||D,|| — 0, which implies our claim.

3.11 Remark: Note the difference between M;(b) and L,(s). If b sends P to one
point Mo(b) then M;(b) = @ but L,(s) may be any hyperplane — as noted above.
It thus is not true that Ps converges uniformly to the constant map with value
Mo(b) on the complement of M;(b), because that would imply that PB, (P) is
contained in a given neighbourhood of My(b) for n sufficiently large which is of
course impossible, since PB,, is a bijection of P.

We have not discussed the question yet if contractions exist. At this point we
need the main algebraic result of [GM].

Let H be a subsemigroup of GL(V). Then V — considered as an H-module
— is called strongly irreducible if there is no finite union |J W; of linear
subspaces that is invariant with respect to H other than 0 and V. Let G be the
algebraic closure of H and let G be the connected component of the identity in
G with respect to the Euclidean or the Zariski topology; the following statement
is true for both. Then V is strongly irreducible iff V' considered as a Gy-module
is irreducible in the usual sense of the word, as is easy to see, cf. [GM, Lemma
6.2].

For our subsemigroup H of GL(V), let H be the set of quasiprojective trans-
formations which are pointwise limits of sequences of projective transformations
induced by elements of H. The main algebraic result of [GM] is the following
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3.12 THEOREM: Let H be a strongly irreducible subsemigroup of GL(V). If G

contains a contraction, so does H.

This theorem is obtained from [GM, Theorem 6.3] in view of [GM, Lemma 6.5
and the remark following that lemma].
The two concepts of proximality and contraction are of course related, as fol-

lows.

3.13 LEMMA: If h is a proximal element of GL(V') then for the semigroup H =
{h"; n € N} every quasiprojective transformation of H not in H is a contraction.
Conversely, if H is an irreducible subsemigroup of GL(V) and H contains a
contraction, then H contains a proximal element.

Proof: 1If h is proximal then the sequence A™-A (h") ™"

converges to the projection
onto V*(h) in the decomposition V = V*(h) ® V<(h). Hence, any subsequence
s of (h"), ¢y for which Ps converges pointwise on P is a contractive sequence,
hence its limit is a contraction by 3.7. Conversely, if H contains a contraction
then there is a contractive sequence in H, by Lemma 3.7. We may assume that
Mo(s) € Li(s), by passing from s to h s for some h € H by 3.5 and 3.9 and using
the hypothesis that H is irreducible on V. It now follows from Tits’ criterion 2.1
that every element B, of the contractive sequence s is proximal for n sufficiently

large.

3.14 Remark: The most important corollary of 3.12 and 3.13 is that if H is a
subsemigroup of GL(V') whose Zariski closure G is strongly irreducible on V and
contains a proximal map, then so does H. This is true for finite dimensional
vector spaces V over the field A = R. For K = C or K = (, this is not
true. We have the following counterexamples for n > 2: The group H = SU,, is
Zariski dense in SL,(C), and H = SL,(Z,) is Zariski dense in SL,(Q,). Also,
for K = R the above statement is not true if H is only a subset, e.g. the open
subset H = {g € SLy(R); Trace(g) < 2} is Zariski dense in SLy(R) but contains

no proximal map.

4. The finiteness result

In this section we prove our basic finiteness result. Consequences will be discussed
in the following sections.

Fix a norm || - || on V.
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4.1 THEOREM: Let H be a strongly irreducible subsemigroup of GL(V'). Suppose
the algebraic closure G of H contains a proximal element. Then thereisane > 0
and for every r > 1 there is a finite subset M of H such that for every g € GL(V)
there is a v € M such that g is (r,e)-proximal.

If we let X, . be the set of (r,¢)-proximal elements of GL{V'), we thus have
M. X, .=GL(V).

We shall check proximality using Tits’ criterion (Lemma 2.1). We thus need for
every g € GL(V) a uniform bound for the norm of Pg away from some set of sin-
gularities PW;(g). This set will be determined using the Cartan decomposition,
as follows:

4.2 PROPOSITION: We can associate with every g € GL(V') a hyperplane W;(g)
of V with the following property. For every € > 0 there is a constant ¢ = ¢{e)
such that for every g € GL(V) for the map Pg induced on P we have

| Pg | P~U(PWi(g)e)ll, <c.

Here U(A,e) = {y € P; p(A,y) < €} is the e-neighbourhood of a subset A of P
with respect to a given admissible metric p on P.

Proof: Since the claim holds for every admissible metric p if it holds for one
we may assume that V = R"*! and p is the angle metric (see formula before
3.4) with respect to the standard Euclidean inner product on R**!. Let g =
k' - p-k be a Cartan decomposition of g € GL(V), so k,k’ € O,41(R) and p
is a diagonal matrix with positive entries A\; > Ay > -+ > Apy; > 0. Put
Wi(g) = k™ '{ea,...,ens1)r- To prove the claim we may assume that Ay = 1
by passing from g to /\1_1 - g. Since k and &’ induce isometries of P we may
assume furthermore that ¢ = p and W := Wj(g) = (e2,...,ent1)r. Let A be
the affine plane z; = 1 in R**!. The map g | A maps A to itself and has
norm < 1 with respect to the Euclidean norm of R**!, since Ag,...,A, < 1.
Let m: A —» P be the natural projection m(z) = P(Rz). Then 7 induces a
diffeomorphism A — P < PW, whose inverse we call 7~!. We have

Pg|rA=mogon™},

hence for every compact ball K = {z; ||z|| < R} in A the norm of Pg is bounded
on 7(K) by a constant depending only on K, not on g, by 3.3 and since [ g [ A || £
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1. This implies our claim since for every ¢ there is such a K with P\ U(PW,¢) C
n(K).

Let us first give a rough sketch of the proof of 4.1. We start by constructing a
sufficiently rich finite set S of contractive sequences, see Lemma 4.4. Then for a
given element g € G we find an s’ € S such that My(s') is e-distant from Wi(g).
We then find an s € S such that gMo(s') is e-distant from Lq(s). Thus v, in
s takes gMo(s') close to My(s). The elements of S are so chosen that My(s) is
e-distant from L;(s’) for every pair (s, s’) of elements of S. Hence 7/, v,g takes
Mo(s") close to My(s'). Taking norms into account we obtain the theorem.

4.3 LEMMA: Let A. = (An)nen and B. = (Bp)nen be sequences in GL(V) for

which PA = (PA,,).en and PB. converge pointwise on P to a and b, respectively.

(a) Then there is a subsequence C. of (A, By )nen for which PC. converges to
ab.

(b) If furthermore the sequences (A, - ||An)| ™ )nen and (By, - ||Bnll ™ )nen con-
verge to linear maps ag and by, and agby # 0 — equivalently, My(b) ¢

L1(A.) — then (A, By||AnBn||™!) converges to a nonzero multiple of agby.
Hence

0 # Mo(ab) C Mo(a)
and
P 75 Ll(C) = ker(aobo).
(c) If A. is contractive and My(b) ¢ Lq(A.) then there is a contractive
subsequence C. of (A, B, )nen- For every such C. we have
limPC. = ab,
Mo(C.) = Mo(ab) = Mo(a)
and
Ll(C) = ker a()bo.

(d) Similarly with the roles of A. and B. interchanged: If B. is contractive and

My(b) ¢ L1(A.) then there is a contractive subsequence C. of (A, By )nen.
For every such C. we have

limPC. = ab,
Mo(C) = Mo(b) S Mo(a)
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and
. L1(C.) = ker{agbg) = ker by.

Proof: Part (a) is proved in the proof of {GM, Lemma 2.7].

(b) Since the sequence s = (AnB,||4,Bxr|~!) is contained in the compact
metric space of operators of norm < 1, it suffices to prove that every convergent
subsequence of s has limit aghg. We thus may assume that s converges. Evaluat-
ing the convergent sequences A, B,||4,|~}||B,||~! and s at a vector & ker(agbg),
we see that ||A,B,|| - ||An|l"! - || Ba]|~! converges to a number o with 0 < a < 1,
which proves that s converges to a~lagby. The other claims of (b) follow easily.

(c) is a consequence of (a) and (b).

4.4 LEMMA: Suppose a subsemigroup H of GL(V) is Zariski-connected and acts
irreducibly on V. If H contains a contractive sequence then there is a finite set
S of contractive sequences sy, ..., 8: in H with the following properties:

(1) The points Mo(s;) are distinct.

(2) Mo(s:) & Li(s;) for1 <i,j <t

(3) N Li(s;) = 0.

(4) The lines corresponding to Mo(s;), j=1,...,t,span V.
In fact we find such a set S of cardinality dim V.

Proof: We prove by induction on m < dimV that there are m contractive
Sequences si, ..., S, in H such that (1) and (2) hold for i,j < m,
(3m) codim(_, Li(s;) = m and
(4m) dim V;"=1 My(sj)=m—1.

The case m = 0 is trivial. So suppose we have sy, ..., s satisfying these
conditions, m < dimV. We know that there is a contractive sequence s in H.
There is an element v € H such that

(4.5) Mo(ys) = YMo(s) & \/ Mo(s;)

since V is an irreducible H-module. Similarly for every j < m thereisay € H
such that

(4.6;) Mo(vs) = yMo(s) € L1(s;).

Every one of the conditions (4.5) and (4.6); defines a Zariski-open subset of v's
in H, hence there is a v € H satisfying all of them. A similar argument using
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3.9 shows that there is an element 3 € H such that s;,..., sy, vs0 satisfy 1,41
through 4,,41, where, of course, 1,, and 2,, mean that (1) and (2) hold for indices
1,7 <m.

4.7 Proof of Theorem 4.1: 'We work our way along the following sketch of proof.
Let S = {s1,...,5:} be a sequence as in the preceding lemma. Fix g € GL(V).
For ¢ sufficiently small there is an s; € S such that My(s;) is e-distant from
W1(g). Then there is an s; € S such that gMo(s;) is e-distant from L;(s;). Now
apply an element v; in the contractive sequence s; which takes gMy(s;) close
to Mo(s;). Since My(s;) is e-distant from L,(s;) there is an element -; of the
sequence s; which takes v;gMo(s;) close to Mo(s;). Finally ¢ takes v;v;9Mo(s;)
back close to gMo(si). It then follows that the set of maps M = {7;7;} has the
desired properties.

To get notations straight, look at the following picture:

i Y: g
N (% (%
L]

gMo(s:)  Mo(s;)  Molss)  gMo(s:)

Here a g b means that 5 maps a close to b.

Solet S = {s1,...,s:} be as in the preceding lemma. Fix an admissible metric
pon P. Then ¢; = infzep )_;_; p(x, L1(s;)) is positive by (3), hence for every
point € P we have p(z, L1(s;)) > 5 for some j. Similarly, for every hyperplane
L in P we find a number e3 such that p(L, Mo(s;)) > 5% for some j, using (4).
So there is a number ¢ > 0 with the following properties. For every point x € P
we have

(a) p(z,L1(s;)) > 2¢  for some j.
For every hyperplane L in P we have

(b) p(L, Mo(s;)) > 2¢  for some j.
(c) p(Mo(si), L1(sj)) > 2 for1<i,j<t.

So for a given g € GL(V) there are numbers 1 < 4,5 < t, such that

(d) p(Mo(s:), Wi(g)) > 2¢

(e) plgMo(s:), Li(s)) > 2.
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Hence

() g | U(Mo(si),e)ll, < c

where ¢ = c(¢) > 1 is the constant of Proposition 4.2, hence

(g) g(U(Mo(s:),ec™) C U(gMo(s:),€).

Now choose for every s € S an element 7 of the sequence s such that

(h) V(P> U(L1(sr),€)) C U(Mo(sk), %ec‘l)
and
(i) v | PNU(La(si) e)llp < 6

where § > 0 will be fixed later on. Then

(J) 7jU(gM0(3i)va) C U(MO(sj)a %Ec_l)
and
(k) Yiv;U(gMo(s:),ec™t) C U(Mo(s:), ec™?)

by (e), (h);, (c) and (h);, hence

o)) 977U (gMo(s:),€) C U(gMo(s:), 5)
by (f) and
(m) llgviv; | U(gMo(s:),€)llp < - 62

by (i) and (f). Hence if we choose é sufficiently small depending on r the element

gvi7v; 1s (r, €)-proximal by Tits’ criterion 2.1.

4.8 ADDENDUM: Note that — independent of r — a set M of (dim V')? elements

suffices.

Since in 4.4 we can take t < dim V and in the proof above we found #M = t2.
One cannot hope that a set M with fewer than (dim V)? elements will work since
the condition that “yg is proximal” corresponds to “gV*(v) is not near V'<(v)”
and “gV*(y) € V<()” is a codimension one condition on g.

The following sharpening of the theorem may be useful [PR, Lemma 3.7 ff.].
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4.9 ADDENDUM: In the theorem we can replace “vg is (r,e)-proximal” by “y"g

is (r, €)-proximal for every natural number n”.

Proof: The map v = 7;7v; constructed in the proof sends U := U(Mo(s;), %ec“)
to itself by (e) and (h) and has norm ||y | U||, < 62 by (e) and (i), hence we have
for n € N the inclusion "V C U, where V := U(gMo(s;),ec!), as in (k), and
hence g7V C U as in (1) and ||jg7" | V||, < c.6?" as in (m).

Recall the following result of the same sort: If there is one proximal element,
there are many.

4.10 THEOREM ([Ti; Ma 4, Appendix B]): Let F' be a subgroup of GL(W) which
is connected in the Zariski topology. Suppose W is irreducible as a F-module. If
F contains a proximal element the set X = { € F; z and ! are proximal} is
Zariski dense in F.

We here obtain the following refinement for semigroups.

4.11 COROLLARY: Let H be a subsemigroup of GL(V') which is connected with
respect to the Zariski topology. Suppose V is irreducible as an H-module. If
H contains a proximal element — hence if the Zariski closure of H contains a
proximal element — then the set of (r, ¢)-proximal elements of H is Zariski dense
where (7,¢) is as in Theorem 4.1. Furthermore, the set

X ={r € H; x and =™ ! are (r,¢)-proximal}

is Zariski dense in H and there is a finite subset M of H such that for every
g € GL(V) there is a ¥ € M such that both g and (gy)™! are (r,e)-proximal.

Proof: Let P be the set of (r,e)-proximal elements of H, where (r,¢) is as in
Theorem 4.1. For every h € H there is an element v of the finite subset M of H
of Theorem 4.1 such that yh € P. So H is contained in the finite union v~ ! P,
¥ € M. Let P be contained in an algebraic set A. Then H C U‘yEM v~ A hence
H is contained in y~! A for one v € M since H is Zariski connected. But yH C A
implies that for the Zariski closure G of H — a group — we have G = vG C A.

The first claim concerning the set X follows from the second one as in the
preceding paragraph. The second claim is a corollary of Theorem 5.17 below as
follows. Consider the representation p;: I' — GL(V) given by the inclusion.
Fix an inner product on V. Let p2: ' — GL(V) be the representation with
p2(7) = 7*~! where the star denotes the adjoint operator with respect to the
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chosen inner product. Then, by 5.17, for ¢ > 0 sufficiently small and every
r’ > 1 there is a finite subset M of H such that for every pair (g1, g2) of elements
of GL(V) there is a ¥ € M such that both vg; and v*~lgs = (yg3~1)*~! are

! since for fixed € > 0 there

proximal. This implies our claim for ¢ = g1 = g5~
is for every r > 1 a number v’ > 1 such that if ¢* is (', ¢)-proximal then g is

(v, €)-proximal.

5. The Lyapunov filtration

In this section we extend our finiteness result for proximal maps to other types of
Lyapunov filtrations and to direct sums of strongly irreducible representations.

Let (V]| - ||) be a normed vector space over a local field k of finite dimension
and let g be a linear endomorphism of V. For every vector v € V define the
Lyapunov exponent

(5.1) ag(v) == limsup n™'log||g™(v)||.

n—

In the terminology of [GM] this is the “Lyapunov index of the sequence g",n € N’
in case k = R. The Lyapunov exponent is independent of the norm chosen. It
has the following formal properties of an

5.2 “ULTRAMETRIC NORM OVER THE TRIVIALLY VALUED FIELD k”: Forv,w €
V and X\ # 0 in k we have

(a) ag(AIv) = a,(v),
(b) Qg
(c) ag(0) = —oo.

(v + w) < max (ag(v), ag(w)),

5.3 Forr € R=RU{+oo} define

Var = {v € Via4(v) <7}
and

Ver ={v € V5a4(v) <r}.

These are vector subspaces of V' by the ultrametric properties of ag. The
Lyapunov filtration of V with respect to g associates with every r € R the
subspace V<, of V.
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For A € k let
Ww={veV;(g—All"v =0 for n> 0}

be the weight space of g corresponding to A € k. Then the Jordan normal form

implies

5.4: For 0 # v € V), we have
ag(v) = log A

where | - | is the valuation of k. In fact, n~!log ||g™(v)|| converges to log |A|.

Let £ C K be a finite field extension of local fields. Then in the situation
above, i.e. for a k-endomorphism of the k-vector space V, consider the k-linear
extension gy of g to V ®, K. Then

(5.5) (Ve K), =V, ®K.

Proof: For a vector in V ® K the Lyapunov exponent of gy is the same as if we
regard gx as a k-linear map, restricting scalars. Now choose a basis ey, ... e,
of K over k and take for V@ K = @®;V @ e; the k-norm ||Zv; ® e;|| = max; [[vi|
to see (5.5).

Combining 5.4 and 5.5 we get an algebraic description of the Lyapunov
filtration.

5.6 COROLLARY: Let K D k be a finite extension of local fields such that K
contains all the eigenvalues of g € End (V). Then

VeK),= P (Vek),,

log |A|<r
Ve, = (VO K), NV

and (V® K), = V<, ® K. In particular, Ve # Vg, iff 7 = log |\| for some
eigenvalue A of g.

We can improve on the last remark. The Lyapunov filtration comes in fact
from a gradation, as follows [Ma 4, II. 1].
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5.7 PROPOSITION: For every r € R there is a unique g-invariant subspace V_,
of V¢, complementary to V... We have

Vo=V | @ VoK),

log |A|=r
in the situation of 5.6.

Proof: V<_o = {v € V;g™v = 0 for some n > 0} by 5.6. Here n = dimV
suffices. Let W = ¢g"V. Then g induces an invertible map on W. If follows easily
that W is the unique g-invariant complementary subspace of V<_,,. We thus
may assume that g € Aut(V'). Then

Ver(9) == Ver(g) N Vern(g™)

is the desired space, since this is true if our field contains all the eigenvalues of g,
by 5.4, and follows in general by the descent result 5.6. Then the proof implies
that

(5.8) Vo, (g) ={v e V; ag(v) =r and ayz-1(v) = —r} U {0}

for g € GL(V). The indexed collection of subspaces V.., r € R, is called the
Lyapunov gradation of V with respect to ¢ and dimV-, is called the
multiplicity of the exponent r. We have

(5.9) Ver = P V.

s<r

Let us order the different values of oy on V
ap=—0o<a<a< - <oy

and let
ko ki, ko, ... ke
be the corresponding multiplicities. Then g is invertible iff kg = 0.

5.10 Remark: The linear automorphism g € GL(V) is proximal iff the multi-

plicity k; of the maximal Lyapunov exponent is 1.
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5.11 COROLLARY: For g € GL(V) the induced map \™ g on the exterior powers
A™V is proximal iff m is one of the numbers k¢, k¢ + ky—1,..., ki ++-- + k1.

Proof: Write the eigenvalues A;,..., A, of g in some local overfield K of £k —
every eigenvalue as often as its multiplicity indicates — in the following way:
First the k; eigenvalues of modulus exp ai, then the ko eigenvalues of modulus

expag,.... The eigenvalues of A™g are X;, -... - A;,., 41 < -+ < im. Thereisa

Tm?

unique eigenvalue — counting multiplicities — of maximal modulus iff m is one
of the numbers k¢, k; + ki—1,... .

5.12 We define the Lyapunov type L(g) = (eg < e1 < --- < e;) of g € GL(V)
as the sequence of dimensions of the spaces V<., 7 € R. So

L(g)z(ko,k0+k1,k0+k21+k’2,...,k0+k‘1+-‘-+kt=’n)

where k; is the multiplicity of the i-th Lyapunov exponent a; and n = dim V.
So g € GL(V) is proximal iff n — 1 € L(g). The following statements for g €
GL(V) are equivalent: e € L(g); A"~ °g is proximal; if we order the eigenvalues
Aly.. -, An of g in some local overfield K of k according to their modulus then
"\el < ‘)‘e+1|-

5.13  As with proximality we need a quantitative version of the Lyapunov type.
Fix a norm on A™V for every m = 0,...,n. Let 7 = (eg, e1,...,€,) be a type
of flag, i.e. an increasing sequence of integers e; with 0 < e; < n. Define P(7) as
the set of g € GL(V') such that L(g) D 7 and for r > 1 and ¢ > 0 define P(r,7,¢)
as the set of g € GL(V) such that A™ g is (r,e)-proximal for every m = n — e,
e € 7. If 7 consists of one element only, say 7 = (e), then we write P(e) for P(r)
and Ple,r e} for P{r,r,¢).

Here is now our generalization of the finiteness result. It concerns the Lyapunov

type, whereas the earlier result was concerned with proximality only.

5.14 THEOREM: Let H be a subsemigroup of GL(V') and let T be a type of flag.
Suppose P(e) intersects H for every e € . If the representation of H on A" "¢V
is strongly irreducible for every e € T then P(7) intersects H. Moreover, there

is an € > O such that for every r > 1 there is a finite subset M of H such that
M.P(r,r,e) = GL(V).

The proof is implied by the following resuits. The proof of the first claim
follows from the following lemma applied to @,., A" °V in view of the remark
following the definition of (r, ¢)-proximality in section two.
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5.15 LEMMA: Suppose a representation p: H — GL(V} decomposes into
strongly irreducible subrepresentations p = py ® -+ ® p;. If p;(H) contains a
proximal element for every i = 1,...,t, then there is an element h € H which is
proximal for every i =1,...,t.

Proof: For every { we have the representation p;; H — GL(V;), the subsemi-
group H; = p;(H) of GL(V;) and the corresponding semigroup H; of quasiprojec-
tive maps of PV;. The set of all pointwise limits of p{H) in H; x --- x H, forms a
subsemigroup H of H; x - -+ x Hy, the proof is as for the case of one factor [GM,
Lemma 2.7]. For every i there is an element h; € H for which p;(h;) is proxi-
mal. Hence there is a contractive sequence p;(s;) on V; with M3 := Mp(p:(s;))
consisting of one point and L{ N M} = @ where L = L(pi(s;)). Now let
a = (ay,...,0;) € H be such that ¥ dim My(a;) is minimal. We claim that
this sum is zero. This implies the lemma as in 3.13.

If a linear automorphism g is proximal, so are all its powers g",n > 1. We
may assume that H is a subsemigroup of GL(V) and hence assume that H is
Zariski-connected.

Suppose that ¥ dim Mp(a;) is positive, say dim Mp(a;) > 0. We shall compose
a with an element b = (by,...,b;) € H such that

Mo(a;b;) € Mp(a;) for every i

with strict inclusion for ¢ = 1. It suffices to find a b € H such that b, is a
contraction and
Mo(b;) ¢ Li{a;) for every 1,

by 4.3 (b) and 4.3 (d). There is a b € H such that 4, is a contraction, since
p1(H) contains a proximal element, by 3.13. The subspace L;(a;) is a proper
subspace of P(V;). So by irreducibility of p; there is an element h € H such
that Mg(hb;) = hMy(b;) ¢ Li(a;). This is a Zariski-open condition. So there
is an h € H such that these conditions are satisfied for every ¢ = 1,...,t, by
Zariski-connectedness of H. So hb has all the required properties and we thus
get a contradiction, proving that ¥ dim Mq(b;) = 0.

Under the assumption of 5.14, let S be a finite set of sequences in A such that
pi(s) is contractive for every i = 1,...,t. Put MY(8) = V . M°(pi(s)) and
LYS) = Nyes Lr{pi{s)) and let MO(S) and L}(S) be the corresponding linear
subspaces of V;. We say that S is in general position if the following condition
holds for every 1 = 1,...,1.
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(GP) For every pair (S',S") of subsets of S we have

dim M?(S') = inf(card §’, dim V),
codim L}(S") = inf(card 5", dim V;)

and

dim(M?2(S") + L1(S")) = inf(dim V;, dim M2(S") + dim L}(5")).

5.16 LEMMA: Suppose the hypotheses of 5.15 hold and H is Zariski-connected.
Then for every finite set S as above in general position there is a sequence s such
that S U {s} is in general position.

Proof: Recall that two subspaces A and B of a vector space U are called
transversal, denoted A th B,if ANB =0o0r A+ B = U. So the last con-
dition of general position is equivalent to M9(S') h L}(S”). Now there is a
sequence s in H such that p;(s) is contractive for every i = 1,...,¢, by 5.15 and
3.13. For every pair S’, S of subsets of S there is a v € H such that

(a) MP(vs) = yM?(s) h MP(S") + LX(S"),

by irreducibility of p;. So there is a v € H such that (a) holds for every pair ',
S" of subsets of S. Similarly, there is a 8 € H such that

(b) LX(sB) = B LY(s) h MP(S") n L}(S"™),
and, if M(S")n L1($") = 0,
(c) LY(sB) = B1L(s) th M2(S' U {vs}) N L(8").

It then follows that SU{ys3} is in general position, the case (S’ U{vs3},S") by
(a), the case (S’,S” U {ysB}) by (b), and the case (S’ U {ysB}, S" U {ys8}) by
(a), (b) and (c).

We are now ready to prove our theorem.
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5.17 THEOREM: Let H be a semigroup and let p» H — GL{V) be a rep-
resentation. Suppose p decomposes into strongly irreducible representations
p=p1®--Dp. Assume H contains for every i an element h; such that
pi(h;) Is proximal. Then for a given norm on V there is an ¢ > 0 and for every
r > 1 a finite subset M of H such that for every g = (g1,...,9:) € [ GL(V;)
there is a v € M such that p;(y) - g; Is (r,€)-proximal for every 1.

Proof: We just give a sketch of proof, since the details are very similar to
those of 4.7. We may assume that p(H) is Zariski-connected. Let S be a set
in general position of cardinality greater than _;_,(d; — 1), where d; = dim V;.
For a given set Hy, Hs, ..., H; of hyperplanes H; in V; there are at most d; — 1
elements s € S such that M?(s) € PH;, hence there is an element s € S such
that M?(s) € PH; for every i. Similarly, for a given set z,,...,2, of points
z; € PV, there is an element s € S such that Lil(s) # xz; for every 7. Now fix
9 = (91,.-.,9¢) € [[; GL(Vi). For ¢ sufficiently small there is an s € S such
that M?(s) is e-distant from W;(g;) for every i. Then there is an s’ € S such
that g; M?(s) is e-distant from L}(s’). Now apply an element 4 in the sequence
s’ which takes g; M2(s) close to M?(s’). In fact we want a compact subset K
of the complement of L}(s') taken to a small neighbourhood of M?(s’) and the
norm of v/ on Ky small. Now MP(s') is e-distant from L}(s), by the third
condition of general position. So a properly chosen element v of the sequence
s takes a compact subset K; of the complement of L!(s) — and in particular
MO(s') — close to M?(s) and has small norm on K;. Finally g; takes yy'M?(s)
back close to g; M2(s) and there is a universal bound for the norm of g; outside
a neighbourhood of Wj(g;) for every i. We thus prove our claim using Tits’
criterion.

5.18 Remark: The proof shows that there is such a set M of cardinality
(1 + z:=1(di - 1))2-

5.19 Remark: There is a similar theorem for a direct sum of representations p;

and types 7; of flags for every 1. The proof follows from 5.17.

6. Proximal elements in reductive groups

In this section we give necessary and sufficient conditions for when the image
of a reductive group under an irreducible representation p contains a proximal
linear map. The conditions are given in terms of the highest weight of p. At
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the beginning of this section we state in which sense we can restrict attention to
irreducible representations. At the end of the section we apply our main finiteness

result to obtain many R-regular elements.

6.1: Let H be a subsemigroup of GL(V). Suppose H contains a proximal ele-
ment g with corresponding line V* and hyperplane V<. Let W' be the maximal
H-submodule of V contained in V<. So W' = (\,czhV<. Also W' =
{v € V; ay(v) < spectral radius of ¢’ for every g' of the form ¢’ = hgh™1, h €
H}.

Let W be the smallest H-submodule of V/W' containing the image of V*.
Then W¢ is the unique minimal H-submodule of (V/W')¢c. In particular, the
corresponding representation p: H — GL(W) is absolutely irreducible and the
Zariski closure of p(H) is a reductive subgroup of GL(W).

Proof: We may assume that W’ = 0. Then for every nonzero vector v € V¢ there
is an element h € H such that hv € (V<)c. Hence g?"hv/||g?"hv|| converges for
n — oo to a nonzero vector of (V*)¢, for some norm ||.|| on V¢. So (V)¢ is

contained in every nonzero H-submodule of V¢.

If the Zariski closure of H is reductive we obtain

6.2 PROPOSITION: Let H be a subsemigroup of GL(V) whose Zariski closure H
is reductive. Suppose H contains a proximal element with corresponding line V+
and hyperplane V<. Let W be the smallest H submodule of V containing V+
and let W' be the maximal H-submodule contained in V<. Then V = W o W'
and W is an absolutely irreducible H-submodule of V.

Proof: In the claims we may suppose H = H , in which case everything follows
from 6.1.

Let G be a reductive linear algebraic group defined over R and let p: G —
GL(V) be an absolutely irreducible representation of G defined over R. We want
to give criteria for when p(GR) contains a proximal element. Since the center of
G acts by homotheties on V¢ it suffices to consider the case when G is semisimple.

Recall the theory of dominant weights of representations of reductive groups.
Let G be a complex linear algebraic semi-simple group and let B be a Borel
subgroup of G containing a maximal torus T of G. Then for every irreducible
representation p: G — GL(V') defined over C the restriction of p to T decomposes
into weight spaces VX, x € X*(T) = Hom(T,GL;). Let II(p) be the set of
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weights of the representation p, i.e. II(p) = {x € X*(T), VX # 0}. Let < be an
order on X*(T) for which the roots of T on B are positive. There is a unique
maximal weight A with respect to < and the corresponding weight space V* is
one-dimensional. The line V* can also be characterized as the unique line in V
stabilized by B. Let ® be the root system of G with respect to T and let ®%
be the set of roots of T on B. Let A be the unique basis of the root system ®
contained in ®*. Then every weight x € II(p) is of the form

X=A-— Zna-a with n, > 0.
a€eA
Let us now turn to the real case. Suppose our group G, the vector space V and
the representation p are defined over R, that T contains a maximal R-split torus
S of G and that B is contained in a minimal parabolic R-subgroup P of G. Let
rA be the basis of the root system g® of S on G which is contained in the set p®*
of roots of S on P. Let j: X*(T) — X*(S) be the restriction homomorphism
and let A®° = {a € A; j(a) = 0}. We sometimes write II(\) instead of II(p).

6.3 THEOREM: The following conditions are equivalent

(1) p(GRr) contains a proximal element.

(2) The multiplicity of j(A) = A|S is one.

(3) There is no weight x € II(\) such that X\ — x is a linear combination of
elements of A°.

(4) A is orthogonal to A°.

(5) A is fixed by the subgroup of the Weyl group W = W(T, G) generated by
the reflections r, corresponding to elements a € A°.

(6) V* is stabilized by P.

In particular, p(Ggr) contains a proximal element if G is R-split, i.e. if S =T,
by (2).

The proof will occupy most of the remainder of this section.

Recall that every element g of GL(V) has a multiplicative Jordan decom-
position ¢ = s - u = u - s which is uniquely determined by the conditions that
s is semisimple and u is unipotent. Every semisimple element s € GL(V') has a
polar decomposition ¢ = p-k = k - p uniquely determined by the following
conditions: p and k are semisimple, the eigenvalues of p are positive real and the

eigenvalues of k have modulus one. The following lemma is obvious.
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6.4 LEMMA: If g € GL(V) is proximal with corresponding line V*t and hyper-
plane V< then so are its semisimple part s and its polar part p, with the same
line and hyperplane. Furthermore, the moduli of the eigenvalues on V1t and V<

remain unchanged when passing from g to s to p.
Proof of the Theorem:

(1) = (2): Suppose g is a proximal element of p(Gr). We may suppose that g
is an element of the (Euclidean-) connected component (p(Ggr))° of p(Gg) which
is the same as p((Gg)°), [B, 7.4]. It follows that the polar part of g is also
proximal which is of the form p(p) for some polar element p € Gg. Since any
polar element is contained in a maximal R—split torus and maximal R-split tori
are conjugate by elements of Gg we may assume that p € (Sg)°. Using the action
of the relative Weyl group gW = N(S)/Z(S) = N(S)r/Z(S)r of G over R we

may assume that p is actually in the Weyl chamber
C={s€(Sg)°; b(s)>1 forbecgA}.
But
rRA = j(A N A°)

by [BT, 6.3 and 6.8]. So a(p) is positive real for every a € X*(T) and A(p) > x(p)
for every x € TI(A). Since p(p) is proximal we must have A(p) > x(p) for every
x € II()) other than A. In particular, the complex line V* is the weight space
for j(A) = A|S in the decomposition of the complex vector space V into weight
spaces with respect to S.

(2) = (3): Write x € II(A) in the form

sz—Zna-a.
a€A

Then n, are non-negative integers. The dominant weight has multiplicity 1. For
the restriction j(x) of x to S we thus have

i) =3 =) naj(a).

acA

Now j(A) C gA U {0}, hence

(6.5) i) =i(A) = > k() -b,
berA

where k(b) = 3,5 2(a)
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(8) = (1): Again, let C C (Sr)° be the Weyl chamber {s € (Sg)°, b(s) >
1 for b € gA}. Then the computation above shows that for s in the interior C of
C,ie. if s € (Sg)° and b(s) > 1 for every b € gA, we have x(s) < A(s) for x # A
in II(}), provided A — x is not a linear combination of A°.

]
Hence p(s) is proximal for s € C.

{3} <= (4): There is a criterion due to Satake for R and C and for arbitrary
fields of characteristic zero to Borel-Tits (see [BT, 12.16] and the reference there)
as to when for a given irreducible representation with deminant weight A a subset
O of A is of the form ©(q) = {a € A; n, # 0} for some weight ¢ = A=3_ .\ n4-a,
as follows: A subset © of A is of the form ©(q) iff {\} U © is connected. Here
connectedness is defined using a graph defined like the Dynkin diagram. So there
is a subset © of A® which is of the form ©(q) for some q € II(A) iff the pair (), a)
is an edge for at least one a € A°, i.e. iff X is not orthogonal to at least one
a € A°. This shows the equivalence of (3) and (4).

(4) < (5) < (6): Let W' be the subgroup of the Weyl group W(T,G)
in (5), i.e. generated by r,, a € A°. The equivalence of (4) and (5) is clear.
The group P is the standard parabolic corresponding to the subset A° of A, by
[BT, 6.3]. We thus have the Bruhat decomposition Pc = {J,,ep BwB. Since B
stabilizes V* this shows the equivalence of (5) and (6).

6.6 Remark: The proof shows that if the group p(Gg) contains a proximal map
then every inner point of a Weyl chamber C maps under p to a proximal map.
There are representations, though, for which also elements on walls of C —
hence singular elements — give proximal maps. More precisely, the proof yields
the following corollary. For s € C define

type(s) = {b € rA; b(s) > 1}
and
cotype(s) = {b € rA; b(s) =1}

and similarly
typea(s) = {a € A; a(s) > 1}

and
cotypen(s) = {a € 4; a(s) = 1}.
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We have by the results of [BT] cited in the proof of (1) = (2)

typen(s) = {a € A; j(a) € type(s)}

and
cotypea(s) = {a € A; j(a) & type(s)},

where j: X*(T) — X*(s) is the restriction homomorphism.

Suppose the hypothesis of the theorem. So we do not assume that p(Gg)
contains a proximal element. The theorem may be considered as the special case
type (s) = rA, or equivalently cotypea (s) = A°.

6.7 COROLLARY: Suppose p fulfills the hypotheses of the theorem. Then for
s € C the following conditions are equivalent:
(1) p(s) is proximal.
(2) A is fixed by the standard parabolic subgroup of G of type cotypea(5).
(3) A is fixed by the standard parabolic R-subgroup g Peotype(s)-
(4) A is fixed by the centralizer Z5(s) of s in G.
(5) A is orthogonal to cotype, (S).
(6) For every x # X in II(X\) we have k(b) > 0 for at least one b € type(s).

Proof: The equivalence of (1) and (6) follows from 6.5. The equivalences of (2),
(3) and (5) are proved as the corresponding equivalences of (3) through (6) in
the theorem. Finally, the standard parabolic P of G whose type is cotypea(s) is
generated by B and Z¢(s), which shows (2) <= (4).

Recall from 6.4 that p(g) is proximal iff p(pol(g)) is proximal, where p = pol(g)
is the polar part of ¢g. Since p is conjugate in Gg to a unique element s of C, we
can define

type(g) := type(p) := type(s),
and 6.7 gives a complete answer to the question when p(g) is proximal.

The following theorem fits into the framework of the present chapter on repre-
sentations of algebraic groups, but does not use any of its results. The proof uses
some basic facts about R-regular elements from [PR], in particular a connection
with proximality.

Let G be a connected semi-simple algebraic group defined over R and let G(R)
be the group of R-points of G. Let Ad be the adjoint representation of G(R) on
its Lie algebra g. We assume that G(R) is noncompact. An element g € G(R)
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is called R-regular if the number of eigenvalues, counted with multiplicity, of
modulus 1 of Ad ¢, is minimum possible. It is known that every R-regular element
is semisimple [PR] and it is easy to see that an element of SL, (R) is R-regular iff
all its eigenvalues in the natural n-dimensional representation are real and their
moduli are distinct. The first two parts of the following theorem are also proved
in [BL] and [P] by different methods.

6.8 THEOREM: Let I be a Zariski dense subsemigroup of G(R). ThenT contains
an R-regular element. In fact, the set of R-regular elements of " is Zariski-dense.
There is a finite subset M of I such that for every g € G(R) at least one of the
elements vg,v € M, is R-regular.

Proof: Let G(R) = KAN be an Iwasawa decomposition of G(R), let n be the
Lie algebra of N and let k be its dimension. In the representation /\k Ad of G(R)
on /\k g let V be the smallest G(R)-submodule containing the one-dimensional
subspace /\kn and let p: G(R) — GL(V) be the corresponding representation.
The representation p is irreducible since V is a highest weight module, [PR 3.1].
An element g € G(R) is R-regular iff p(g) is proximal, by [PR Lemma 3.4]. So
the theorem follows from Theorem 4.1.
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